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Filamin cross-linkers as rheology regulators in F-actin networks
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We report on the nonlinear mechanical properties of a statistically homogeneous, isotropic semi-
flexible network cross-linked by polymers containing numerous small unfolding domains. This model
captures the main mechanical features of F-actin networks cross-linked by filamin proteins, which
contain twenty-four such Ig-domains that may unfold under applied strain. We show that under
sufficiently high strain the network spontaneously organizes itself so that an appreciable fraction of
the filamin cross-linkers are at the threshold of domain unfolding. We discuss via a simple model
the cause of this network organization and suggest a qualitative experimental signature of this
network reorganization under applied strain that may be observable in intracellular microrheology
experiments of Crocker et al..

PACS numbers: 87.16Ka, 82.35.Rs, 62.20.Dc

I. INTRODUCTION

The cytoskeleton of eukaryotic cells can be described as
a biopolymer gel or cross-linked network[1, 2, 3]. The mi-
crostructure of this network fundamentally differs from
better understood polymer gels. In these well-studied
synthetic systems the mean distance between cross-links
along a constituent polymer chain is much longer than
the distance over which the chain tangents remain cor-
related, i.e. the thermal persistence length of the poly-
mers [4]. These synthetic networks can be thought of
as assemblies of cross-linked random walks. The prin-
cipal constituent of the cytoskeleton, however, is a stiff
protein aggregate, F-actin that is cross-linked densely on
the scale of its own thermal persistence length. The cy-
toskeleton is better described as a cross-linked network
of flexible but essentially straight filaments rather than
by interconnected random walks.

A number of researchers have begun to explore the
quantitative relation between the novel microstructure
of this biopolymer gel to its observed mechanical prop-
erties [5, 6, 7]. More recently, it has been proposed
that, due to their different microstructure, these semi-

flexible gels have macroscopic linear moduli that are
generically more sensitive to their chemical composition
[9, 10, 11, 12, 13, 14] than traditional flexible gels. Their
response to point forces over mesoscopic distances are
much more complex than suggested by the predictions
of continuum elasticity[15]. In addition they exhibit a
highly tunable (through network microstructure) nonlin-
ear response to stress[16].

The current understanding of the complex relationship
between the network architecture on the nanoscale and
the long-length scale mechanical properties relies only
on semiflexibility of the filaments that are assumed to
be cross-linked irreversibly by cross-linking agents, which
exert arbitrary constraint forces required to prevent slip
between the filaments at a cross-link. The cytoskeleton

of living cells, on the other hand, is vastly more com-
plex than the model semiflexible network systems stud-
ied. The constituent filaments in the cytoskeleton are
polydisperse in length, and, through bundling interac-
tions, have a variety of cross-sectional radii and hence
bending moduli. Furthermore these filaments are cross-
linked by a plethora of highly structured proteins that
play an active role in the generating internal stresses and
in sensing externally imposed stress.

There has recently been a great deal of interest in a
class of cross-linkers that contain unfolding domains such
as α-actinin[17, 18] and filamin[19, 20]. Such cross-linkers
have protein domains along their backbone that unfold
reversibly at a critical pulling force. It is still a matter
of debate what the function of these domains may be,
but one may speculate that by exposing new chemical
groups in the unfolded domains, cross-linking agents such
as filamin may play a role in transducing externally local
network strain into biochemical signals.

In this paper we investigate the purely mechanical ef-
fect of cross-linkers such as filamin that have unfold-
ing domains. Clearly, the mechanical effect of filamin–
domain unfolding occurs only at some finite applied stress
so the effect we wish to study is evident only in the non-
linear elastic response of the material observed under fi-
nite strain conditions. In this aspect the present work
differs from much of the recent theoretical research on
semiflexible network mechanics that focused on the lin-
ear response regime.

We show that for a sufficiently stretched gel, the pop-
ulation of cross-links at given tension grows exponen-
tially up to the unfolding force of the domains. Thus
at moderate applied stresses the system appears to self-
consistently adjust is mechanical properties so as to
achieve a strain state in which a significant fraction of
its cross-linkers are poised at the unbinding transition of
their internal domains. The evolution of this high suscep-
tibility state in which the system responds to small stress
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fluctuations with anomalously large strain fluctuations
may contribute to the low-frequency intracellular strain
fluctuations as measured by Hoffman et el.[21]. These mi-
crorheological measurements suggest the presence of the
nonthermal enhancement of low-frequency strain fluctu-
ations. Such fluctuations may be understood in terms
of the network generically evolving into this high sus-
ceptibility state under the action of internal molecular
motors (e.g. myosin – not considered in our model) so
that either small fluctuations in motor protein activity or
Brownian fluctuations of the network leads to the coor-
dinated unfolding of numerous filamin cross-linkers and
a consequent large-scale cytoskeletal arrangement event.

The remainder of this article is arranged as follows.
In section II we discuss the our numerical model of the
filamin cross-linked F-actin network. We present the re-
sults of this modeling in section III before developing a
simple analytic approach to explain the observed phe-
nomenon. Finally we conclude in section IV where we
discuss the generality of our results and place them in
the broader context of the mechanics of semiflexible gels
in general and the modeling of the cytoskeleton in par-
ticular.

II. THE MODEL

We develop a simple model of a statistically homoge-
neous, isotropic network of semiflexible filaments in two-
dimensions. These networks are formed by the random
deposition of straight filaments of equal length within
the simulation box in a manner identical to that of Head
et al.[9, 11, 12], i.e. by placing straight rods of a fixed
length at random positions and orientations in a box with
periodic boundaries. At points where two rods intersect
a node is added to each rod and a cross-linker is added
connecting the nodes. The cross-linkers have zero rest
length. Rods are added until the average number of cross-
links per rod reaches a predetermined target value that
we use to parameterize the network density. A model
network constructed by the procedure described above is
shown in Figure 1. The sections of rod between nodes are
modeled as linear springs with fixed elastic constant per

unit length of rod. The cross-linkers exert no constraint
torques at the nodes so that the rods are free to bend
there with no energy cost. We write the Hamiltonian for
each filament as

H =
1

2
µ

∫
(

dl(s)

ds

)2

ds , (1)

where dl(s)/ds gives the strain or relative change in lo-
cal contour length, and µ is the Young’s modulus of
the filament (essentially a spring constant normalized to
1/[length]).

We do not include filament bending in the numerical
model. This omission results is a computational advan-
tage owing to the reduction of number of degrees of free-
dom necessary to monitor the deformation state of an

(a)

(b)

FIG. 1: (Color Online) Model network showing the F-actin
filaments in blue and the filamin cross-linking agents in red.
(a) shows the unstrained network as constructed by random
deposition of the filaments in the two-dimensional simulation
box. (b) shows the same network under affinely imposed uni-
axial extension. The extension direction is along the x-axis.
The magnitude of the strain in this case is 100%.

individual semiflexible filament. This computational ad-
vantage prevents us from accurately modeling the linear
response of the network. For example, in the linear re-
sponse of the cross-linked semiflexible network there is
an abrupt transition with increasing network density in
the mode of energy storage from a dominance of bending
modes to stretching modes. We will not observe this ef-
fect. We concentrate on the non-linear, finite extension
regime where the effects of the internal structure of the
cross-links become evident. The behavior of semiflexible
networks with freely rotating cross-links has been shown
to be dominated by semiflexible filament stretching in-
stead of bending [22] so we expect to accurately capture
the nonlinear behavior of the composite network with
our restricted model for the elasticity of the semiflexible
filaments.

Similarly we anticipate that the results derived here
are essentially independent of network dimensionality
since network connectivity, not the dimensionality of the
space in which the network is embedded should control
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the collective mechanical properties of the system. It
must be noted that steric interactions between noncross-
linked filaments may contribute to the moduli in three
dimensions. At low network densities we expect these
steric effects to be subdominant. The validity of both of
these simplifying assumptions can be directly tested in
future work where dependence of our results upon fila-
ment bending elasticity and on network dimensionality
will be explored.

Since the filamin cross-linkers are small flexible poly-
mers, their elasticity is essentially that of a worm-like
chain[23]. The equilibrium activation force for the un-
folding of the internal Ig-domains of the protein is high
enough to place it well away from the linear regime on the
force extension curve of the filamin. Thus in equilibrium
Ig-domain unfolding occurs at an extension nearly equal
to the contour length of the filamin polymer so that the
entropic force is approximately f ∼ 1/(ℓ − ℓf )2. When
an Ig domain unfolds the contour length of the filamin
increases, adding enough length to the polymer to relax
most of the tension at fixed extension.

We model the force extension curve of a single cross-
linker as a simple sawtooth. Each branch of the saw-
tooth represents the entropic elasticity of a cross-linker
with a fixed number of unfolded domains. For simplicity,
we take the additional contour length generated during
any unfolding event ℓf to be a constant and the force–
extension relation on each branch of the sawtooth to be
linear with spring constant kf . Thus the maximum force
on each branch of the sawtooth, kf ℓf , corresponds to
the critical unfolding force of a domain. We neglect the
rate-dependence of this unfolding force[24] that is found
in nonequilibrium unfold dynamics. Though the physio-
logical filament cross-linkers have a finite number of un-
folding domains (24), we will take our sawtooth force ex-
tension curve to have an infinite number of branches. In
doing so we ignore the stretching–rate dependence of our
mechanical measurements as well as the eventual strain-
hardening of the material when all the Ig-domains of the
cross-linking filamin molecules have been unfolded at ex-
tremely large strain amplitudes.

We find equilibrium states of the simulated network
through straightforward force balancing. The network is
subject to stepwise shear or uniaxial extension by adjust-
ing the periodic boundaries. At the beginning of each
strain step, all nodes are moved affinely to match the
change in boundaries. Then the node positions are re-
laxed through a conjugate gradient routine to a point of
local force equilibrium.

Since the cross-linker force extension curve is a saw-
tooth, there are many possible equilibrium states of the
network, corresponding to force equilibration on different
branches of the sawtooth. We wish to consider the his-
tory dependent states of a strained network, which would
in principle require us to use strain steps with displace-
ments smaller than the sawtooth length ℓf . However,
such a procedure would prove too cumbersome for the
large strains and small ℓf we wish to consider. Instead,

FIG. 2: (Color Online) Conceptual model for action of fil-
amin cross-linkers. The filamin is represented by a nonlinear
spring (left), and the rest of the network is approximated as a
linear spring (right). The springs are attached in series with
the free ends held in a fixed position. Below the springs we
plot the force exerted by each spring as a function of the po-
sition of the meeting point. The position of force equilibrium
between the effective network spring and a flat filamin force
is given by point x1, at the intersection of the dashed red
line (flat filamin force) and solid blue line (effective network
force). The position of force equilibrium between the effec-
tive network spring and a sawtooth filamin force is given by
point x2, at the intersection of the solid red line (sawtooth
filamin force) and solid blue line. The downward slope of the
effective network force curve necessitates that x1 and x2 be
on the same sawtooth branch.

we use a two–step equilibration procedure that relaxes
the system to a state close to the true history dependent
state in terms of minimizing the total length of all cross-
links, but also allows for large strain steps. In the first
equilibration step, we replace the sawtooth force law for
all cross-linkers by the following force law:

f =

{

kfx |x| < ℓf ,

kf ℓf |x| ≥ ℓf .
(2)

Thus, beyond the first sawtooth length, a cross-linking
filamin molecule exerts a constant contractile force of
magnitude kf ℓf . The combined network of linear elastic
rods and constant force cross-links is equilibrated. Fi-
nally, we reimpose a sawtooth force law for the cross-
linkers and equilibrate the network a second time.

If all the cross-linkers acted independently, then on
the final step of equilibration described above each cross-
linker would reach force balance on the earliest possi-
ble sawtooth branch (smallest total cross-link extension).
The argument for this claim is illustrated in Figure 2.
When the constant force law is replaced by a sawtooth,
the rest of the network will exert a net force that extends
the cross-link. However, the cross-link will not extend to
its next sawtooth branch, since as it relaxes the network
can only exert a total force less than kf ℓf . Conversely,
since the rest of the network was originally equilibrated
at the critical pulling force, then it is extended as far as it
can be by the cross-linker, thus the cross-linker is on the
earliest possible branch of the sawtooth for which it could
establish force equilibrium with the rest of the network.
In practice, collective relaxations of the network push in-
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dividual cross-links onto different sawtooth branches in
this final step. However, we found that for a variety of
strain step sizes the quantitative behavior discussed in
the next section was identical.

III. SIMULATION RESULTS

We present data for networks with a filament density
such that there are on average 30 cross-links per rod.
The rods have a unique length of ℓR = 0.2 measured
in units of the length of the unstrained, square simu-
lation box. This gives an average crosslink separation
of ℓc ≈ 6.6 × 10−3 in simulation units. For these val-
ues we find negligible system-size effects. Hereafter we
measure the network density (n number of rods per unit
area) in terms of the mean distance between cross-links
ℓc. It can be shown that ℓc ≃ π/

(

2nℓ2
R

)

[11]. The other
length scales in the system is the contour length gen-
erated in a single Ig-domain unfolding event ℓf , which
we take to be the length of the saw-tooth in our ap-
proximate form of the cross-linker force-extension rela-
tion. We found that for ℓc/ℓR

>
∼ 15 and ℓf/ℓc constant,

the network behavior is independent of ℓR. We did not
have the computational resources to fully investigate the
phase space of the ratio ℓf/ℓc; this we leave for a more
detailed study. In this article, we present data primar-
ily for ℓf = 1.3 × 10−4, or ℓf/ℓc = 0.02. The distance
between crosslinks in physiological f-actin solutions has
been quoted as ℓc = 0.1 µm [25]. Filamin crosslinks have
a folded length of 200 nm [26], and each unfolding domain
adds ℓf = 21 nm of length [27]. Thus the physiological
ratio is closer to ℓf/ℓc = 0.2. We chose the smaller value
of ℓf/ℓc because it enhanced the effects we were mea-
suring – initial simulational studies we have performed
for physiological values of ℓf/ℓc found qualitatively sim-
ilar results, but the onset of non-linear effects occurred
at higher strain values [33]. We will discuss quantitative
differences for physiological values of ℓf/ℓc where appro-
priate in the following sections.

Finally there are two energy scales in the system de-
termined by the extensional modulus of the filaments µ
and the spring constant of the cross-linkers. To fix the
energy scale in the problem we set the extensional modu-
lus of the filaments to unity. The average spring constant
for a filament segment can then be determined from the
mean distance between cross-links, or, in other words,
the network density: kR = 1/ 〈ℓc〉 = 150. In terms of our
defined length and energy units, the range of cross-linker
spring constant values reported here was in the range
1 × 101 < kf < 1 × 104.

A. Elastic moduli

Since we have omitted the bending rigidity of the fila-
ments, these networks necessarily have vanishing elastic
moduli in their unstrained state[28]. The networks im-
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FIG. 3: (Color Online) Differential moduli versus strain for
several different cross-linker spring constants kf and constant
cross-link sawtooth length ℓf = 1.3×10−4. (a) Bulk modulus
versus uniaxial extensional strain. (b) Shear modulus versus
shear strain. (c) Shear modulus versus shear strain, for con-
stant cross-linker force f = kf ℓf . ¿From lowest to highest
curves in each graph, the filamin spring constants are respec-
tively 10, 100, 200, 400, 600, 800, 1000, 2000, 4000, 6000,
8000, 10000 and inextensible crosslinks. (From Section III,
the average filament segment spring constant in these units is
〈kR〉 ≈ 150.)
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mediately develop non-zero moduli under any imposed
finite strain. To characterize the nonlinear mechanical
properties of the network we then measure the differ-
ential moduli ∂σij/∂uij under any finite applied strain.
Figure 3 shows how the bulk and shear moduli evolve as
a function of applied strain. The differential moduli all
vanish for zero applied strain. Upon increasing applied
strain, they grow monotonically to some maximum where
the network is stiffening most dramatically under further
strain increments. At still larger values of the applied
strain, the stress plateaus so that the differential moduli
shown here decay to zero. In part (a) of Figure 3 we show
the differential bulk modulus K(uxx) as computed from
the additional uniaxial extension of the network already
under strain uxx while in part (b) of this figure we show
the differential shear modulus G(uxy). From a compar-
ison of these measurements we determine the effective
Poisson ratio ν as function of applied strain[29] using

ν =
1

2

3K − 2G

3K + G
. (3)

For intermediate deformations, while the network is stiff-
ening, the scale of K is about four times that of G, so
ν ≈ 0.38.

The underlying cause of this peak in the modulus can
be understood from Figure 1(b), which shows a cluster of
highly extended cross-linkers that has percolated across
the network. Evidently from this figure we can approx-
imate the compliance of the network as the compliance
of a composite system. One part of the composite is the
filament dominated parts of the network in which the
cross-linkers are not greatly extended and the other part
is the region of large cross-linker stretch. The effective
modulus of the composite system can then be approxi-
mated as two nonlinear springs in series.

The force law for the filament dominated parts of the
network can be inferred from the top curve in Figure 3(b),
which shows the differential shear modulus for networks
with non-compliant crosslinks. The shear modulus in-
creases steadily at low shear as the individual filaments
align with the shear direction. Above 200% strain, the
modulus starts to plateau. In the limit of complete shear
alignment, all the filaments lie in direction

uxyx̂ + ŷ
√

u2
xy + 1

,

which asymptotes to x̂ for large shear, and have length
√

u2
xy + 1 → uxy for large shear. Thus at high shear the

extension of individual filaments is linear in the shear and
the modulus is constant, with value G (uxy) = navekR,
where nave is the average number of filaments per unit
cross sectional length. At low and intermediate values of
the shear, the differential modulus is observed to grow ap-
proximately linearly in shear, up to the maximum value
given above.

In contrast, the part of the network dominated by
highly extended crosslinks can only sustain a finite maxi-

mum stress per unit area, since each crosslinker can only
excert a maximum force of kf ℓf . In the limit of com-
plete shear alignment, the maximum stress is given by
σmax = ncrkf ℓf , where ncr is the number of filamin per
unit cross-sectional length which take part in the craz-
ing, or splitting, of the network. ncr is determined by
the shortest percolation path across the network. The
expression for the maximum stress implies that the craz-
ing, and therefore the differential modulus of the network
near its maximum, is determined by the product kf ℓf .
Indeed, Figure 3(c) shows the modulus for sheared net-
work where the cross-linker force law is simply that given
in Eq. 2 without imposing the sawtooth force law at any
step. The curve is nearly identical to Figure 3(b), where
the sawtooth force law was imposed at each step. The
high extension part of the force law in Eq. 2 is indepen-
dent of extension, so the differential modulus ∂σij/∂uij

is zero.
The composite system of filament and crosslinker

dominated regions act as two effective springs in se-
ries. The maximum differential shear modulus occurs at
the crossover point when the applied stress approaches
ncrkf ℓf . For small kf/kR, the crossover occurs in the
linear growth region of the differential modulus, where
σxy ∼ navekRu2

xy, so the shear at maximum scales as

umax
xy ∼

√

kf/kR. For larger kf/kR the crossover occurs
in the region of constant differential shear modulus, so
the shear at maximum scales as umax

xy ∼ kf/kR.
Though not shown, we also found results identical to

Figure 3(c) for the same values of kf ℓf when the value
of ℓf was ten times smaller. The curves were somewhat
different for physiological values of ℓf/ℓc, with ℓf ten
times larger than for the data presented here. For larger
realtive values of ℓf the splitting of the network, and
therefore the dropoff of the differential moduli, was sup-
pressed at lower shear values, and did not occur till a
finite fraction of the filamin population were stretched
beyond their initial sawtooth length ℓf . Still, in the limit
of large strain, the modulus is mainly determined by the
combination Fmax = kf ℓf . In the next section we will
show that most stretched cross-linkers reach equilibrium
near F = Fmax, so it is natural that the network elastic
response is essentially that of the response of a network
with constant force cross-linkers.

B. Cross-linker extension statistics

In Figure 4 we present data on the distribution of
cross-linker extensions in mechanically equilibrated net-
works. Figure 4(b) and (c) show the distributions of
cross-link lengths for a representative sample with cross-
links sawtooth length ℓf = 1.3 × 10−4 and spring con-
stant kf = 600. In Figure 4(b) the distribution of to-
tal crosslink lengths for a given value of applied shear is
roughly power law. However, when the extension is plot-
ted modulo ℓf , as is done in Figure 4(c), the difference
between the extension of the cross-linker and the edge of
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FIG. 4: (Color Online) (a) Shear modulus versus strain for kf = 600 (from Figure 3). (b) Distribution of normalized cross-
linker lengths ℓ/ℓf in equilibrated networks with kf = 600. Only cross-linkers for which ℓ > ℓf were counted. Each line is
for a different value of applied shear. From left to right the corresponding shear values are respectively 0.20, 0.50, 1.00, 2.00,
and 3.00 (these shear values are mark with color coded lines in (a)). (c) Distribution of normalized cross-linker lengths ℓ/ℓf

modulo 1 in equilibrated networks with kf = 600. Data sets are the same as for (b). The exponential parts of the normalized
cross-linker length distributions modulo 1 for all values of kf were fit to a exp (b(kf ) (ℓ − ℓf )/ℓf ). Plot (d) shows the best fit
value of b(kf ) versus kf . For kf > 103, b(kf ) scales roughly as k1.33

f (solid line), whereas for lower values the dependence on kf

becomes weaker. (From Section III, the average filament segment spring constant in these units is 〈kR〉 ≈ 150.)

its nearest saw-tooth step in the force-extension relation
shows an entirely different distribution. Once a cross-
link has been stretched past its initial sawtooth branch,
it tends to reach equilibrium near the high force edge of
whichever sawtooth branch on which it comes to rest.

Making this qualitative observation more quantitative,
we note that the statistical weight for finding a cross-link
extension (modulo ℓf) is exponentially enhanced towards
length ℓf . Moreover, Figure 4(c) shows that once the net-
work is sufficiently strained the exponential enhancement
of the statistics grows but the characteristic length of the
exponential remains constant.

Figure 4(d) shows data (red crosses) for fits of the
length distribution modulo ℓf to an exponential func-
tional form

a e{b(kf ) [ℓ−ℓf ]/ℓf}.

In this graph we plot the fitted value b as a function of
filamin spring constant kf . We found the factor b(kf )

is weakly dependent upon kf for values of kf less than
〈kR〉, the average filament segment spring constant. b(kf )
approaches a power law dependence on kf with exponent
approximately 1.33 for values greater than 10×〈kR〉. For
kf ≥ 8 × 103 the length distribution modulo ℓf grows
super-exponentially at the highest values, between 0.95ℓf

and ℓf , so the exponential fit is only approximate.

The appearance of this exponential pile-up in the his-
togram of filamin extensions is the principal result of
this work. We refer to subpopulation of the filamin
cross-linkers that make up the exponential tail of the
histogram as the critical cross-linkers. These numeri-
cal data demonstrate that the system approaches a state
of nearly maximal fragility in which small stress fluctua-
tions due to either thermal or nonthermal (i.e. molecular
motor induced) forces can generate large changes in the
strain field due to the coordinated rupturing of numerous
critical filamin Ig-domains. The response of the system
to such stress fluctuations will depend on the spatial dis-
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tribution of the critical cross-linkers as well as on the
interaction of the critical cross-linkers mediated by the
elastic deformation field of the network; these issues will
be explored in a future work [30]. Before we address the
details of large amplitude strain fluctuations due to the
formation of the critical cross-linker population, we ex-
plore via a simple analytic model the origin of critical
subpopulation in a manner than neglects spatial correla-
tions in the positions of these critical cross-linkers.

To understand the growth of the critical cross-linker
subpopulation, where each member is under a force close
to the critical force fmax = kf ℓf , we consider a mean-
field model for the behavior of a single cross-link in an
effective elastic medium representing the rest of the net-
work. We focus on the final phase of the cross-link plus
effective network relaxation, where the single cross-link
under consideration comes to rest on a particular branch
of the force extension sawtooth. The surrounding effec-
tive medium acts as a single spring with a linear force–
response characterized by the spring constant keff . The
cross-linker is connected in series with the effective net-
work spring, and we fix the total strain of the two-spring
system by fixing the free ends. This simplified two-spring
model is represented pictorially in Figure 2.

Considering this figure, we have argued that under the
correct stress-loading-dependent history of the strain in
the effective two-spring system, the filamin spring will
come to equilibrium on the same branch of the sawtooth
extension curve as it would have if the effective network
spring were simply pulled with constant force Fc = kf ℓf .
In Figure 2, we label the position where the pulling force
of the effective network spring equals kf ℓf as point x1.
We label the position where the effective network spring
is in force balance with the sawtooth cross-link force as
point x2. We can solve for the force on both springs at
point x2:

F = kfx2

= kf ℓf − (x2 − x1)keff (4)

and using these two equalities we determine x2 in terms
of the parameters kf , ℓf and the as yet unknown effective
spring constant of the surrounding medium keff .

x2 =
kf ℓf + keffx1

kf + keff
. (5)

From the above results we calculate the probability
distribution of x2, the final cross-link length modulo ℓf .
Noting that the above force balance condition determines
keff for any given values of x1,2, we write the probability
distribution of x2 in terms of the probability distribution
for x1 while requiring that keff satisfy Eq. 5 for each
pair of stretching lengths x1,2. We write P2(x2) in terms
of the appropriate integral over the probability distribu-
tion P1(x1) and the distribution K(keff ) over all possible

spring constants of the effective medium

P2(x2) =
∫

dk

∫ x2

0

dx1P1(x1)K(k)δ

(

k − kf
ℓf − x2

x2 − x1

)

(6)

In the above expression we have introduced a delta-
function to fix force balance as well as enforcing the in-
equality: x1 < x2. Performing the above integral requires
further information about the probability distribution of
x1. To do so we note that P (x1), which represents the
displacement modulo ℓf of the filamin spring under a
constant force, must be independent of the details of the
particular sawtooth potential under consideration. It is
then reasonable to make the ansatz that the distribution
of x1 along the sawtooth is flat:

P (x1) = 1/ℓf . (7)

Using Eq. 7 in Eq. 6 and performing the integral over x1

we find

P (x2) =
kf (ℓf − x2)

ℓf

∫ ∞

kf

ℓf −x2
x2

dkk−2K (k) (8)

From this equation for P2(x2), it is clear that the expo-
nential nature of the cross-link length distribution is not
merely inherent to the sawtooth nature of its force law.
The exponential must result from weighted integral over
K (keff ) and thus depend on the nature of the random
network as a whole.

To pursue this point we focus on the high keff tail
of the distribution. One may imagine that the effective
spring constant representing the medium can be repre-
sented as a small number of chains of springs. Each
chain of springs represents one path for force propaga-
tion through the random network; it is made up of a
large number (N) of springs connected in series. These
springs have spring constants of the form: k(α) ∼ µ/lα,
where the random variable lα is the distance between
two cross-links measured along the filaments following
the path of force propagation in one realization of the
network. Because of the random connectivity of the net-
work, we expect these spring constants to be statistically
independent and uniformly sample the random distribu-
tion of the distances l between cross-links generally found
in the network.

In order to find an extremely large value of the effective
spring constant keff we require that at least one of these
parallel paths have a large effective spring constant kj ,
since keff =

∑

j kj where the sum over j runs over the
number of parallel paths of force propagation. For some
kj to be large, it must be that the sum of the reciprocals

of the spring constants k
(α)
j associated with that particu-

lar path be small. This requires that for one of the paths
j, all of the constituent spring constants are large since
the compliance of the springs in series will be dominated
by any single soft spring. We expect that probability of
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FIG. 5: Distribution of local effective spring constants, sam-
pled on small sets of highly stretched filamin cross-linkers for
kf = 600.

such a rare event to be Poisson distributed K(k) ∼ kN

so that, in the high-k tail, the distribution K(k) takes
the form

K(k) ∼ H(k)e−k/k̄ (9)

where H is some regular function characterizing the
small-k behavior of the distribution (H(x) −→ const as
x −→ ∞) and the constant k̄ is undetermined. Com-
bining Eqs. 9 and 5 we indeed find that the probability
distribution of x2 takes the form

P2(x2) ≃ Ce
kf (x2−ℓf )

k̄x2 −
kf (ℓf − x2)

k̄ℓf
Γ

(

0,
kf (ℓf − x2)

k̄x2

)

(10)

as long as kf
ℓf−x2

x2
is large enough that K(k) within the

integral in Eq. 8 can be replaced by its high-k asymptotic
form. Examining the first term of the above result, we
see that we do find the expected exponential peak in the
probability distribution at x2 near the sawtooth length,
ℓf . The second term, which is proportional to the incom-
plete gamma function is a subdominant correction to the
distribution near the exponential peak at x2modℓf → ℓf .

We can turn to the numerical simulations to indepen-
dently verify some of the underlying assumptions in the
above analysis. By numerically sampling the local me-
chanical response of the many realizations of the network,
we find that we can indeed independently verify the prin-
cipal physical insight in the above discussion: the distri-
bution of effective spring constants appears to have an
exponential tail in the stiff spring limit. This data is pre-
sented in Figure 5. Moreover, on an ordered triangular
lattice of springs where we would not expect to find such
a high k exponential tail, one does not find the exponen-
tial enhancement of the critical subpopulation[31]. This
suggests that details of the random connectivity of our
networks play a vital role in producing this phenomenon.

We can also use Figure 5 to estimate the value of k̄.
Taking into account the highest keff data for which we

were able to sample the mechanical response distribution
in a statistically significant manner, we find k̄ to be ∼ 20.
This puts the ratio kf/k̄ ∼ 30. Using Eq. 10 we may also
determine this ratio using the slope of the numerically
measured distribution of x2 shown in Figure 4(b). From
fitting this data we find that kf/k̄ ∼ 15. These values
are of the same order of magnitude and the factor of
two discrepancy between them may be due in part to the
insufficient sampling of the keff distribution in the rare,
high-keff limit as well as to the effect of the unknown
behavior of H(k) (see Eq. 9) at intermediate values of its
argument.

IV. DISCUSSION

In this work we have studied a composite network com-
posed of linear elastic elements having randomly dis-
tributed spring constants cross-linked by filamin-type
linkers that have the ubiquitous sawtooth force-extension
relation common to proteins with repeated unfolding do-
mains. While this system is clearly a vast oversimplifi-
cation of both the chemical complexity and semiflexible
character of the cytoskeleton, these networks retain one
important micro-architectural feature of the F-actin, fil-
amin networks that are typically found in eukaryotic cells
in that forces must propagate from filament to filament
through a linking molecule exhibiting a highly nonlin-
ear (sawtooth) force response to strain. We suspect that
our model system can thus inform the understanding
of the mechanical properties of physiological cytoskele-
tal networks, which are the subject of recent theoretical
work and are being probed experimentally with increas-
ing quantitative accuracy[21, 32].

The most striking result of this investigation is the
observation of the development of a highly fragile me-
chanical state in the highly-strained network such that
a nontrivial number of cross-linking molecules reach a
critical state where they are poised to unfold another
domain. The presence of fluctuating internal stresses in
the cytoskeleton produced by molecular motor activity
and/or equilibrium fluctuations can act on this highly
fragile state to produce large strain fluctuations due to
the correlated failure of numerous critical cross-linkers.
Thus, the observation of the formation of this critical
state under applied stress may explain a particular fea-
ture of the observed low-frequency strain fluctuations as
observed by intracellular microrheology.

We believe that this work suggests the appropriate
theoretical framework for understanding the underlying
mechanism by which the system reaches this highly frag-
ile state. We note, however, that much remains to be
done in order to develop this understanding into a the-
ory that makes quantitatively accurate predictions. In
addition it is clear that more precise numerical explo-
rations of the network are required in order to better
characterize both the local elastic constant distribution
in the network as well as the filamin length distribution.
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It is still an open question as to whether the effective
medium spring constant distribution has quantitatively
correct exponential tail for creation of the observed crit-
ical linker subpopulation. Nevertheless, it appears that
the creation of this fragile state is a robust phenomenon.
Moreover, the simple theory presented herein is in reason-
able agreement with the numerical data; it should serve
as starting point for more refined models.

There are a number of extensions of this work that
remain to be considered. Foremost among these is the
exploration of the effect of filamin-type cross-linkers in
semiflexible gels where the filaments each have a finite
bending modulus. In addition, the development of a com-
plete model that includes the effect of internally gener-
ated random stresses due to the action of molecular mo-
tors will be an important step towards the direct calcu-
lation of the low-frequency dynamics of this biopolymer

gel of fundamental biological importance.
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